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A comment about notation: Let R, R, R*, Z, and Q denote, respectively, the sets of real numbers, positive real
numbers, nonzero real numbers, integers, and rational numbers. (Why is the letter Z used for the set of integers? In
German, the word for “numbers” is Zahlen, which begins with the letter Z.)

Problem 1. Find all functions f : R — R such that, for any real numbers x and v,

flxy) = xf(y).
Problem 2. Find all functions f : R — R such that, for any real numbers x and y,
f@+y? +aty) —a® =y = fl2) +.
Problem 3.
a) Find all functions f : Z — Z such that, for any integers z and y, f(z +y) = f(z) + f(y).
b) Find all functions f : Q — Q such that, for any rational numbers  and y, f(z +y) = f(z) + f(y).

Problem 4. Find all functions f : R — R such that, for any real numbers = and y,
F(32*%0 + 8y) + f(x) = f(=* + Ty).

Problem 5. Find all functions f : R* — R such that, for any nonzero real number =z,

i)+ g (;) -

Problem 6. Find all functions f : Q — Q such that, for any rational numbers = < y < z < t that form an arithmetic
progression,

f@)+ () = fly) + f(2).
Problem 7. Find all functions f : Z — Z such that, for any integers a and b,

f(2a) +2f(b) = f(f(a+0b)).

Problem 8. Find all functions f : RT — RT such that, for any positive real number z, f(z) < 1000z and

f(f(z)) = a*.

Problem 9. Find all functions f : R™ — R™ such that, for any positive real numbers w, z, y, and z that satisfy the
equation wx = yz,

(f(w)? + (f(2))?  w?+a?
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Problem 10. Find all functions f : R — R such that, for any real numbers = and vy,

fley + f(2)) = 2f(y).

Problem 11. Find all functions f : R — R such that, for any real numbers x and vy,

f@? = y?) = af(2) — yf(y).




Problem 12. Find all functions f : Z — Z such that, for any integers = and y,

fl@—=fy) = f(f() = fly) - 1.

Problem 13. Find all ordered pairs of integers (a,b) for which there exist functions f: Z — Z and ¢g: Z — Z such
that, for any integer x,

flg) =z+a and g(f(z)) =z+b.

Problem 14. Find all functions f : R™ — R such that, for any positive real numbers z and ¥,
1 Yy
v+ =) 1) = @y + 1 (2).
x x

Problem 15. Find all functions f : R — R such that, for any real numbers x and vy,

FF @) f() + fz+y) = flzy).



